arXiv:1509.04979vl [math.NT] 16 Sep 2015 


CRYSTALLINE LIFTS OF TWO-DIMENSIONAL MOD p 
AUTOMORPHIC GALOIS REPRESENTATIONS 

FRED DIAMOND AND DAVIDE A. REDUZZI 


Abstract. We show that a sufficient condition for an irreducible automorphic 
Galois representation p : Gf GL 2 (Fp) of a totally real field F to have an 
automorphic crystalline lift is that for each place v of F above p the restriction 
detp|/^ is a fixed power of the mod p cyclotomic character. Moreover, we 
show that the only obstruction to controlling the level and character of such 
automorphic lifts arises for badly dihedral representations. 


1. Introduction 

Let p : Gq —^ GL 2 (Fp) be a continuous irreducible odd representation of the 
absolute Galois group of the rationals. By Serre’s conjecture, now a theorem of 
Khare-Wintenberger and Kisin, p is automorphic. It is moreover known that p 
arises from a modular form of level prime to p. 

The analogue of the last statement for automorphic mod p representations of the 
absolute Galois group of a totally real number field is false in general. The purpose 
of this note is to give sufficient conditions for a mod p Hilbert modular form to have 
a lift of level prime to p, or equivalently for the associated Galois representation 
to have an automorphic lift which is crystalline at all primes over p. The result 
is motivated by a question of Dieulefait and Pacetti; see [Sj Lemma 8.32] where a 
special case of Theorem 11.11 is used in the construction of “chains” of compatible 
systems of Galois representations. 

We first recall the existence of an obvious obstruction. Let p be a prime number 
and F a totally real number field. Denote by E the set of embeddings of F in 
R. For integers k >2 and w having the same parity denote by Dk^w the discrete 
series representation of GL 2 (R) having Blatter parameters {k,w). In particular 
F>k,w has central character 1 1 —>■ Fix a tuple k = (fcr )tge G Z>2 and an integer 
w all sharing the same parity. Let tt be a cuspidal automorphic representation 
of GL 2 (Ai?) which is holomorphic of weight (k,w), i.e., such that tTt ~ Dk^^w 
for all r € E. Assume moreover that the level of tt is coprime with p. If : 
Gf —>■ GL 2 (Qp) denotes the p-adic Galois representation attached to tt, we have 
detp,r|/„ = for all primes v oi F dividing p, where is the inertia subgroup 
of a decomposition group of Gp at v, and e„ is the p-adic cylotomic character 
restricted to ly (cf. [21 Corollary 2.11] and [4]). 
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We show that this condition on detpirl/^ is the only obstruction to the existence 
of a crystalline lift of an irreducible automorphic representation p : Gp —t GL 2 (Fp). 
Moreover we control the conductor and central character of such a lift provided only 
that p is not badly dihedral (see Definition 13.31) . More precisely, we prove: 

Theorem 1.1. Suppose that p : Gp —>■ GL 2 (Fp) is automorphic, irreducible, and 
that for some integer k, we have detp|/^ = for all v\p. Then there exists 

no such that if n > no, there exists a cuspidal automorphic representation tt of 
GL 2 (Air) such that 

• if v\p, then Py is unramified principal series; 

• ifv\oo, then Py = Dk+nS,k+nS where S = lcm{ (p- 1)/gcd(p - l,e„) \ v\p}; 

• 'P^ = P- 

Suppose further that p is automorphic with prime-to-p conductor dividing n C Op, 
and that ip is a finite order Hecke character of Ap of conductor dividing n, totally 
of parity w = k + nS, and satisfying detp = ipt^~^. Then if p is not badly dihedral, 
we can choose p as above with conductor dividing n and central character ip~^\ 

(Here Cy denotes the ramification degree of v over p). We remark that we have 
ensured in the conclusion that the lift has parallel weight since it seems no harder 
to achieve and slightly simplifies the statement. 

There are two main ingredients to the proof of Theorem 11.11 The first of these 
is Proposition 12.11 below, which is a statement purely about mod p representations 
of GL 2 (F) where F is a finite field of characteristic p. The result can be deduced 
from the main result of HU, but we give instead a short self-contained proof that 
could be useful if one wishes to extract an explicit value of no in the conclusion of 
Theorem ll.il 

We will then deduce Theorem o from standard arguments for producing con¬ 
gruences and liftings of cohomology classes (cf. section [3^ . We must do some 
work however to show that the only obstruction to controlling the level and char¬ 
acter is in the case of badly dihedral representations, even for p = 2 (cf. sections 
13.31 and ESI). A related result is proved in [U Lemma 4.11] using the Galois ac¬ 
tion on the cohomology of Shimura curves, but since we also wish to work with 
forms on definite quaternion algebras, we give a different argument in this paper 
by interpreting the obstruction in terms of the Hecke action. We remark that this 
obstruction is genuine, but that even in this case one can obtain slightly weaker 
results by modifying our arguments or by constructing GM lifts. We remark also 
that we could instead have attempted to deduce a version of Theorem 11.11 using 
level lowering or automorphy lifting theorems, as in |10] or [8], but this approach 
would have required additional hypotheses, such as adequacy of the image of p, and 
made the case of p = 2 even more problematic. 

Finally we also give two more refined variants of the main result (Theorems 14.21 
and l4.51) in the special case where the initial automorphic representation has weight 
(2,..., 2) and is unramified or special at all primes over p. This is again with a 
view to applications along the lines of those in [5]. 

Acknowledgements. We thank Luis Dieulefait for calling our attention to the 
question addressed in this paper, and Lassina Dembele for providing the example 
in Hemark 14.41 We are also grateful to MSRI and the organizers of its program on 
New Geometric Methods in Number Theory and Automorphic Forms, where some 
of the work was carried out. 
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2. GrOTHENDIECK ring RELATIONS 


In this section we denote by F a fixed finite field of characteristic p > 0. Fix 
an embedding tq : F —>■ Fp and let Ti = tq o Frob* where Frob is the (arithmetic) 
Frobenius automorphism of F and we sometimes view i G Z//Z where / = [F : Fp], 

For i = 0,1,..., / — 1 and n > 0, we let Sym))] = Fp Gf.t, Sym"F^ where 
Sym"F^ denotes the nth symmetric power of the standard representation of GL 2 (F) 
for n > 0; by convention we let Sym(Tj F^ = 0. For n = (no,ni,... ,ny_i) with 
no,..., ny_i > —1, we let 

Sri = GfFo^Sym".|. 

Recall that Sfi is an irreducible representation of GL 2 (F) if and only if 0 < ni < p—1 
for all i, and that every irreducible representation of GL 2 (F) over Fp is of the form 
det“ 0 Sfi for some a G Z and n as above. 

We let Go(Fp[GL 2 (F)]) denote the Grothendieck group on finite-dimensional rep¬ 
resentations of GL 2 (F) over Fp, which is thus isomorphic to the free abelian group 
generated by the classes [det“ 05^] for a = 0,... ,p-^ — 2 and n = (no, ni,..., n/_i) 
as above. 

We use < for the natural partial ordering on Go(Fp[GL 2 (F)]); thus R < R' 
whenever R' — R is in the submonoid of Go(Fp[GL 2 (F)]) consisting of classes of 
(actual) Fp-representations of GL 2 (F). Note that if a and <j' are Fp-representations 
of GL 2 (F), then \a\ < [a'] if and only if there is an embedding of the semisimplifi¬ 
cation of tr in that of a'. In particular if a is irreducible, then [cr] < [tr'] if and only 
if cr is a Jordan-Holder factor of a'. 

Assume / > 1 is arbitrary. If A: < — 1 for each i G Tr/f7i define (cf. [E]): 



det^'^'^+i) 0 Sym[-j'=-2 


In what follows we slightly abuse notation by allowing taking brackets of virtual 
representations in Go(Fp[GL 2 (F)]). 

Denote by Np/Pp the field norm map for the extension F/Fp. 


Proposition 2.1. Let a he an irreducible representation o/GL 2 (F) over Fp with 


central character of the form Np^p for some e,s > 1. Then [cr] < 
all suffieiently large t = s mod {p — 1)/ gcd(p — 1, e). 




for 


The proof will be based on the following lemmas, which can be viewed as pro¬ 
viding algebraic analogues of theta operators and Hasse invariants in order to shift 
weights of automorphic forms in characteristic p. 

Let n,m > 0. The usual identification of graded F-algebras SymF^ ~ F[ti,t 2 ] 
induces an action of GL 2 (F) on F[ti, ^ 2 ]- When / = 1, multiplication by the Dickson 
invariant G F[ti, ^2]®^^^^^ induces a GL 2 (F)-equivariant embedding 

det 0 Sn-fp-ff (m section 3]). Similarly, when / > 1 we obtain a GL 2 (F)- 
equivariant embedding Sym|[]] 0 Sym[\] ^ det~^ 0 Symj[]j~'’^ 0 Sym"j^]^^ induced by 
t\®t2 — t^® tl m section 3.5.1]). We obtain in particular: 

Lemma 2.2. Suppose / = 1 and n > 0. Then [5'„] < [det“^ 0 S'n+p+i]. 


Lemma 2.3. Suppose / > 1 and m,n > 0. Then 

f-P , 


n+1 


SymlO] 0 Symj\] < det ^ 0 Symj^j ^ 0 Sym"j^j 
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Lemma 2.4. Suppose / = 1 and n>0. Then [5'„] < [Sn+p-i] unless n = r[p + 1) 
for some r, in which case we have [S'™] < [Sn+p-i + det'^]. 


Proof. Serre’s periodic relation: 

[*^n+p —1 < 5 ^ 71 ] — [det (^Sn —2 ‘5'n— 1 )]; 

valid in Go(Fp[GL 2 (F)]) for all n G Z (cf. [13]) implies that the positivity of 
[Sre+p-i — Sn] depends only on n mod p+l. Ifl<n<p+1 the term [Sn-p-i] is 
non-positive, so that [S'n,] < [S'n,+p_i] when n ^ 0 mod p -I- 1. When n = r(j) + 1) 
we see by induction on r that [S'„+p_i — Sn] = [det*^ (8) (S'p-i — !)]■ Q 


Lemma 2.5. Suppose / > 1 and np > m> 0. Then 


Sym^] 0 Sym[\]J < |^Symj”+^ 0 Sym[l^j 

Proof. We proceed by induction on n. The statement for n = 1 follows from the 
SynipJj (g) Sym^^j — det^ 0 SymJ))j“^ (cf. last equation in [TTl 


identity 


Symi 


m+p 

[ 0 ] 


m—p 


< 0 since m < p. Assuming 


Theorem 2.7]), together with the fact that Sym”pj 
now the statement for a fixed n = no > 0 and letting 0 < m < (no + l)p, we have, 
using again the above identity: 

® ^ ® Sym^i] 0 Sym"^'] - det^ 0 Sym^j”^ 0 Sym[]^] 

SymjO] 0 Sym[l|^]+^ -h det^ 0 (SymjJ)] 0 Sym"^*]"^ - Sym^j”^ 0 SyrnJ)^]^ 

If m < p, then SymJ(]j“^ < 0 in Go(Fp[GL 2 (F)]), so the expression between 
rounded parenthesis is positive, implying the statement for no + 1- If m > p, then 


0 < m — p < nop so that Sym[" ^ 
follows. 


[0] G SymJ^I 


< 


Sym[^] 0 Sym"r' 


[ 1 ] 


. The result 

□ 


We now proceed with the proof of ProDOsition l2.ll Suppose that a = det“ 0 Sft 
with a > 0 and ft = (no,ni,... ,n/_i) with 0 < n^ < p — 1 . 

We first treat the case e = / = 1. By Lemma 12.21 and induction on n , we 
have [a] < [5'„_|_q(p+i)]. Let to = + a(p + 1), and note that to = s mod p — 1. 

If n = 0, then we may replace a by a -I- p — 1 so as to assume to > p^ — 1. We 
claim that [cr] < [S'*] for all t = s modp — 1 with t > to- Indeed it suffices to 
prove that if t > to and [a] < [S'*], then [cr] < [5't_|_p_i], and this is immediate from 
Lemma imi except in the case a = det’^, t = r(p-|-1). Note however that Lemma 1^721 
implies that (h + l)[det“] < [S'„(p+i)] if u > (p — 1 ) 6 ; in particular 2 [det’'] < [5t] 
if t = r(p -I- 1) > p^ — 1, so in this case it again follows from Lemma 12.41 that 
[cr] = [det’'] < [St+p-i]. 


Next we treat the case e 


= !,/>!. Note that Lemma 
+1 


Sym[(] 0 Symfi+i] < [^det ^ 0 Sym™+P 0 Sym^J+^j 

Z//Z, and hence that 


implies that 
for any m,n > 0, i € 


( 1 ) 


[^m] < 


det 


- Ef=o brA 


'Sn 


for any rno,..., m/_i, 60 ,..., 6 /_i > 0 , where fh = (mo,. ■ •, rn/_i) and fh' = 
(mo -I- 60 -I- p 6 i,..., m/_i -I- 6 /_i -|- p 6 o). In particular writing a = X]i=o with 
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bo,... ,bf-i > 0, we have that [ct] < where n' = {n'o,... with n' = 

rii + bi + pbi+i. Note that 

/-I /-I //-i \ 

^ n'p* = 2a + Y^ nw' = « ( X! 

2—0 2—0 \ 2—0 / 

from which it follows that '^'i+jP'’ i® divisible by P* ^r j = 0,1. 

Now consider the system of equations 

( 2 ) ti'q — xo + pxi = n[ — xi + px 2 = • • • = n'f_i — Xf-i +pxo- 

For any xq £ Z, we obtain a solution with xo, ■ ■ ■, a:/-i £ Z by setting 

^3 = ^ 3-1 - K+jP"^ j 


for j = 1,1. In particular we may choose a solution of ([2]) with xg, ■ ■ ■ ,Xf-i 
non-negative integers. 

We now wish to apply Lemma |2.5l or rather its twist by Frob*, iteratively Xj+i 
times for i = 0 ,1 in order to conclude that [tr] < where t is the 

common value of n' — Xi + pxi+i, but we must first ensure that the inequality 
np > m in the hypothesis of the lemma is satisfied at each stage. To this end, 
note that we may replace n' by n" = n' + r(p^ — ,p^ — 1) for any integer 

r > 0 ; indeed [cr] < [^s'] < [5's'/] by (P), and (P) still holds with each n[ replaced 
by n'l = n[ + r{p^ — 1). Choosing r so that 

rip - !)(/ - 1 ) > n' - pn[^.^ + 2pxi+i 

for each i, we find that p{n”^^ — Xi+i) > n" + pxi+i. Now by Lemma 12.51 and 
induction on di, we see that if 0 < for * = 0 ,...,/— 1 , then [5'fj//] < 

where n"' = n" — di + pdi+i. It follows that [cr] < where t is the 

common value of n" — Xi -Fpxi+i. Similarly we find that if t > 0, then < 

[5'(t+p_i_..._t+p_i)], which completes the proof in the case e = 1, / > I. 

Finally we treat the case e > I. From the case e = 1, we have that [cr] < 
for all sufficiently large u = es modp— I, hence [cr] < [S'(et,...,ei)] for all sufficiently 
large t = s mod {p — I)/gcd(e,p — 1). From the natural surjection 

(Symji]) ^ Symf^ 


we see that [5'(et,...,et)] < 




, concluding the proof of Proposition 12.II 


Remark 2.6. When / = I, multiplication by the Dickson invariant t 2 — 
< 1^2 )/(^i ^2 — £ (SymF^)'^^ 2 (F) induces a GL 2 (F)-equivariant injection Sk —>■ 

for all k > 0. Notice that the change in weight produced by this operator 
does not allow us to prove the desired result. 

3. Lifting to characteristic zero 

The first part of Theorem 1 1.1 1 is proved in section [3p below. In sections 13.31 and 
I3.5l we refine the argument to control the level and character of the crystalline lifts 
we produce, thus proving the second part of Theorem ll.il We begin by fixing some 
notation. 
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3.1. Notation. We normalize local and global class field theory so that geometric 
Frobenius elements correspond to uniformizers, and we adopt Hecke’s normaliza¬ 
tions of local-global compatibility when associating a Galois representation to an 
automorphic form. These are the normalizations adopted in [4] and [2]. 

Let p be a prime number. We fix an algebraic closure Q (resp. Q^) of the field 
Q of rational numbers (resp. of the field Qp of p-adic numbers). We choose an 
embedding Q —^ C and an isomorphism = C, so that we also identify Q with 
a subfield of Q^. Denote by Fp a fixed algebraic closure of the field Fp with p 
elements. 

Let F C Q be a totally real number field. Denote by Gp = Gal(Q/F) its 
absolute Galois group, and by e : G_f —?> the p-adic cyclotomic character. Let 

S be the set of embeddings of F in Q. 

For each finite place a; of F we denote by the completion of F at x, and by 
its ring of integers. We let (resp. Apj) denote the topological ring of 
adeles (resp. finite adeles) of F. 

Let u be a place of F lying above p. Let denote the decomposition group 
of Gf at u induced by Q c Qp, and Iv be its inertia subgroup. We let ky be the 
residue field of Gf„, and we set fy := [ky : Fp]. Denote by the absolute inertial 
degree of w, and by be the set of embeddings of ky in Fp. We let e„ denote the 
restriction of the p-adic cyclotomic character to Gy or to ly. The reduction modulo 
p of Cy is denoted by e„. 

For any r S we denote by uiy the corresponding fundamental character of ly , 
defined as the composition ly —^ Oy —>■ ky ^4 Fp , where the first map is the 
restriction of the inverse of the reciprocity isomorphism of local class field theory. 
Recall that the restriction to ly of the local mod p cyclotomic character ly of Gy is 
given by nrGE„ ■ 

For integers k > 2 and w having the same parity we denote by Dk^w the discrete 
series representation of GL 2 (R) having Blatter parameters (fc, lu), and hence central 
character 1 1 —>■ 

3.2. Existence of lifts. For each place v\p of F, fix an embedding Ty^o ■ ky ^ Fp 

and, as in Section [21 set Ty^i = ° Fi'obu where Frob^ denotes the arithmetic 

Frobenius of ky and i € ZjfyZ. For any n = (no,... ,n/^_i) with no,... ,n/„_i > 
— 1 let 

i=/„-l 

Sv,n = (Fp , 

i^O 

viewed as an Fp-linear representation of GL 2 (A:„). 

Suppose now that p : Gp —^ GL 2 (Fp) is the modular Galois representation in 
the statement of Theorem o Assume that ct is a Serre weight for p in the sense 
of [2]; in particular a is an Fp-linear irreducible representation of GL 2 (Gf/(p)) = 
n«|p GL 2 (Gf/('c®*’))) and therefore it can be written as tr = ®„|pCr„ where each ay 
is an irreducible representation of Gh 2 {ky). 

Denote by the norm map attached to the field extension ky/Fp. Slightly 

modifying the proof of [21 Gorollary 2.11] by taking the map N : {Op/{p))^ —>■ F^ 
considered there to be n«|pN^"/p , and by applying the generalization to the 
ramified settings of [21 Proposition 2.10], we deduce that if the central character of 
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av is given by 2 e„ gQjjj^g integers Ct, then 

detp|/„ = 

reE„ 

By assumption, for any prime v of F above p we have detp|/„ = = 

OtGE^ ^e„(fe 1 )^ deduce therefore that the central character of cr« is given 
by: 

•^ev{k—2) 

Proposition [2]T] implies that cr^ is a Jordan-Holder factor of ^ ^ for all suffi¬ 

ciently large ty = k — 2 mod (p — 1)/ gcd(p — 1, e„). Define S := lcm{ (p — 1)/ gcd(p — 
1 , e«) I u|p }. We can thus find a non-negative integer no such that for all n > no we 
have k — 2 + nS > 0 and the weight cr is a Jordan-Holder factor of the GL 2 (C>f/(p))- 
representation ^v\pSf^l_ 2 _^_ns k- 2 +nS}' generalization to the ramified set¬ 

tings of) [U Proposition 2.5] we deduce that p arises from a cuspidal automorphic 
representation tt of GL 2 (Ai 7 ’) having level prime to p and such that iTy ~ Dk+nS,k+n 5 
for all places ujoo of F. This proves the first part of Theorem ll.il 


3.3. The refinement of the argument in the case [F : Q] even. We now 

explain how to refine the argument above in order to control the level and character 
of TT, and prove the second half of Theorem 11.11 The case of [F : Q] odd can 
be treated by modifying the argument above and using results in the proof of [21 
Lemma 4.11] to show that obstructions arise only for badly dihedral representations. 
For the case of [F : Q] even, we will need to use forms on definite quaternion algebras 
and prove analogous results concerning the obstructions, which we proceed to do 
first. 

3.3.1. Automorphic forms on definite quaternion algebras. Suppose that [F : Q] is 
even and let D be the totally definite quaternion algebra over F which splits at all 
finite places of F. Let Od be a fixed maximal order in F, and choose isomorphisms 
of Ofx- algebras = M 2 {Of^) for each finite place x of F. Let U = Ux be an 
open compact subgroup of := (D^pApj)^ such that Ux C Of) ^ for each finite 
place X. Let A denote the field Fp or a topological Zp-algebra of finite type, and 
fix a continuous representation of UAf ^/F^ on a finitely generated (topological) 
H-module V. Let 

SviU) = {f:Df^V\ fi^gu) = u-^fig) for all ^ G , g G Df, u G UAfj }. 

Write Fy = Ojg/F^tiFA^^ where / is a finite set, and let T^ denote the finite 
group F^\{U Af j: n tf^D^ti), so that we have an isomorphism of A-modules: 

(3) Sv{U) ^ 

induced by / i—>■ ®i£if{ti). 

Let S' be a finite set of finite places of F containing the places dividing p and the 
places X such that Ux is not maximal. Let Us ■= Oxes and suppose further that 
the action of F on H factors through the projection to Us- For a; ^ S fix a choice 
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of uniformizer Wx of Of^, and write Ux^xUx = U„ haUx, where Ila; = S 

GL 2 (i^a;) = {D ‘S>F Fx)^. We define the Hecke operator Tx acting on / S SviU) by 

iTxf){g) ■■=Y.f(9hc.) 

a 

for all g G . The Hecke algebra := A\Tx : x ^ S] acts on Sv{U). With a 
slight abuse of notation, we will often not indicate the weight and level of automor- 
phic forms on which acts. 

Let k = {kr )t6E G Z>2 and w G Tj such that kr = w mod 2 for all r G E, 
and let a finite order Hecke character of A^, totally of parity w, so 4’{^) = 
^/(x/) IIt-Ioo some character of Let i? C Qp = C be a 

sufficiently large finite extension of Qp; in particular we assume E contains the 
values of if} and the images of all the embeddings F —?> Qp. We suppose further 
that for each embedding t : F ^ E, we have a splitting D E = M 2 {E) so 
that if V is the place of F induced by t, then the projection of H to (D F^)^ 
is contained in GIj2{Oe)- Thus for each r € E, we obtain a map U —?> GIj2[Oe)^ 
and hence an action of U on 0 Sym^^“^0|;. Suppose now that ipf is 

trivial on [/ fl A^ ^, and let Vg „ y, be the representation of UAp ^ whose restriction 
to U is defined by 

01-62 (det('""'=-+^)/2 0 Sym'=-“^e)|), 

and whose restriction to AJ^ is defined by the character x i-A N(xp)’"|x|'"V'/(2;)- 
We write for and we define := {0}, unless 

fc = 2, in which case we let (U) consist of those functions in St ,{U) 

that factor through the reduced norm map = GL 2 (Ai?j) ^f f- Setting 
So = Sj:^ ■^(.U)/S^'^ ^{U), we have by the Jacquet-Langlands correspondence that 
So ®Oe G — 07r7ry , the direct sum running over all holomorphic cuspidal automor- 
phic representations tt = Foo 0 tt/ of GL2(Ai7’) such that tTt = for all t G E, 

and TT has central character ^"”^1 l~™- 

3.3.2. Conclusion of the argument. We fix an irreducible representation p : Gf —t 
GL 2 (Fp) as in Theorem o Assume that p arises from a holomorphic cuspidal 
automorphic form tt' for GL 2 (Air) of paritious weight {k,w) G Z >2 x Z, central 
character and level U = UpU^, where Up = n,;|p = Y\x\p 

Ux C GL2{Of^) for all x. Let S' be a finite set of finite places of F containing the 
places of F above p and the places at which tt' is ramified. Let trip denote the max¬ 
imal ideal of the Hecke algebra attached to p; thus with our normalizations, 
nip is the kernel of the homomorphism —>• Fp defined by 

Tx H> det(p(Froba;))“^N(x)tr(p(Froba;)) = •!/;(n7a;)“^N(x)"'tr(p(Frob2,)) 

for all X ^ S. By what was recalled in l3.3.1l we know that S^ ^ ^(G)mp ^ 0. 

In the next section we will prove the following: 

Lemma 3.1. If p is not badly dihedral in the sense of Definition fXSI below, then 
the functor V i—S^([/)mp from finite dimensional Fp-vector spaces endowed with 
a continuous action of UsAf, F^ to ^ -modules is exact. 
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Let [/* := GL 2 (C>f Zp) • U^, and notice there is a Hecke equivariant injection 
Sj: ^ ^{U) —>■ Sv'{U^,) where V = In particular, we also have that 

Sv'{U^:)mp ^ 0. Fix an embedding of the residue field of Oe into Fp. Using Lemma 
o we see that Sa{U*)mp ^ 0 for some Jordan-Holder constituent tr of V ®Oe Fp 
for the action of GL 2 (Of Giz Zp). The assumption on p\i^ implies by Proposition 
o that (T is a constituent of the Fp-linear representation 

®i,|p(det ® ..._fe/_2)) 

for all sufficiently large k' = k mod (5, where 5 as in the statement of Theorem ll.il 
It follows that TUp is in the support of Sw{U*), where W is the Os-linear repre¬ 
sentation Vp ^ (this again uses Lemma [XT]) . Now the result follows by applying 
the Jacquet-Langlands correspondence to Sw{U^:)®Oe to produce a holomorphic 
Hilbert modular form with desired weight, level, and central character. 

3.4. Proof of Lemma 13.11 We keep the assumptions and notation from the pre¬ 
vious section. Suppose that 0 —>■ U —>■ Ui —>■ V 2 —>■ 0 is an exact sequence of finite 
dimensional Fp-vector spaces endowed with a continuous action of UAp ^ factoring 
through UsAp By (jS]) we obtain the exact sequence: 

(4) 0 —>■ SviU) —>■ SviiU) —>■ Sv^iU) —>■ ©jg/iL^(ri, U), 

where Ti = F^\{UApj r\t~^D^ti) and D^tiUAp j,. Notice the last 

term in o vanishes if [F(fj,p) : F] > 2, which occurs for example when p > 3 is 
unramified in F/Q. We will show that, in general, it vanishes after localization at 
rtip if p is not badly dihedral. 

Note that if we choose another representative t' = StiU for the double coset 
D^UUA^j with S € D^, u € UA^j and set T' = F^\{UA^j n 
then Ti = uT'pu~^ and we obtain canonical isomorphisms F[^{Ti,V) —>■ F-’(r',U) 
induced by the isomorphisms 

T' ^ Ti, U ReSrJU 

g I—>■ ugu~^, V I—>■ uv. 

We let Xu = D^\D^/U Ap j: and write F[^Xu,V) for {ri,V); this is 

independent of the choice of the U up to canonical isomorphisnfl, which is moreover 
compatible with the isomorphism SviU) = F°(X[/,U) in the evident sense. We 
may thus rewrite the exact sequence as 

0 ^ H°iXu, U) ^ H°iXu, Ui) ^ H°iXu, U 2 ) ^ H\Xu, V). 

3.4.1. The Hecke action on H^{Xu,V). For x ^ S, the Hecke operator acting 
on SviU) can be defined as a composite tr o (Hj,)* o res where res (resp. tr) is 
a restriction (resp. trace) map to (resp. from) forms with respect to a smaller 
open compact subgroup, and (H^,)* is induced by H^,. More precisely, consider 
the natural projection Xw —>■ Xu where U' = U (1 Hj^C/Hj;, and for each double 
coset D^tiUApj: in Xu, let {Uj} be representatives of the preimage in Xu' (so 
D^tiUAp j is the disjoint union over j of the D^tijU'Ap j). Let FT be the 

^Alternatively one can arrive at this notation by defining a Grothendieck topology on the 
groupoid fibered over Xu by the Fj and viewing y as a sheaf on the associated site. 
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corresponding stabilizers, so = F'^\{U'D^tij). Writing ti = StijU for 
some (5 G , u G U'Apj, we see that v ^ uv defines a map V ^ V compatible 
with the inclusion Fb —>■ F^ defined by conjugation by u, and this gives a map 

Taking the direct sum over i of these maps, the resulting map res : H^{Xij, V) —>■ 
V) is independent of the choices of double coset representatives. 

Similarly we define (fla,)* using the bijection Xu" —t Xw induced by right 
multiplication by If^,, where U" = Since j D^tijU'A^ p 

we have = ]J-^. D^tijIl~^U"Ap j: and the corresponding stabilizer F"- equals 
Since Ux acts trivially on V, the isomorphism between the groups Fb 
and F" defined by conjugation by fla, is compatible with their action on V, so it 
induces an isomorphism V) —>■ iJ^(F" j V). Taking the direct sum of these 

isomorphisms gives a well-defined map (FIj,)* : H^{Xjjr,V) —?> H^{Xifrr,V). 

Finally tr is defined similarly to res but using Xi/i^ —>■ Xu and transfer maps on 
cohomology. It is then easy to see that the composite tr o (Fta,)* o res is compatible 
with 0 and the Hecke operators on the Sv{U) since each of res, FI* and tr is 
compatible with (|3]) in the obvious sense. Note that in fact Tx = tr o (Fta,)* o res on 
H\Xu,V) = Sv{U). 

More generally ii xi,X 2 , ■ ■ ■, Xm are distinct primes of F not in S, then we define 
a Hecke operator Tx^x 2 ---xm exactly as above, but replacing H^, by the product of 
the ^x^^ which we denote by Ilxj^...x,„- 


— T T 

- XxiXx2 


Lemma 3.2. We have Tx 
commute and acts on Ff^lXu, V). 

Fp 

Proof. Consider the diagram: 


■ Tx^ ■ In particular the operators Tx 


where 



H\Xu’,V) 

^ H\Xu'^,V) 


H\Xu,V) 

\ 

i 

i 


i 



^ H\Xu’’nu’,V) 


HHXu’,V) 



\ i 


i 



H\Xu'’nu^,V) 


H\Xu^,V) 




\ 

i 





HHXu,V), 

nH 

-if/n,,, [/{' = 

n,,t/(n-i, [/' = C7 n 

n.-^. 

TITJ 

Xm^ ‘ 


and 

TJ" — TT 

• the first row of vertical arrows and the first column of arrows (including 
the first diagonal) are defined by the evident restriction maps; 

• the last row of arrows and the last column of horizontal arrows (including 
the last diagonal) are defined by the evident transfer maps; 
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• the middle column (resp. row) of horizontal (resp. vertical) arrows is 
of the form (Ila^j)* (resp. (n.x 2 ---x,n)*) th® middle diagonal arrow is 

i^XiX2---Xm)*- 

Note that the top row comprises the last column Tx 2 ---xm s-iid the diagonal 
Txix 2 ---xm^ the lemma follows by induction from the commutativity of all the 
triangles and squares in the diagram. 

We only sketch the proof of commutativity of the top right corner, the rest being 
immediate from the definitions of the maps. Moreover to prove commutativity of 
the top right corner reduces to checking it for the corresponding diagram associated 
to each summand of H^{Xu^,V). More precisely, given a double coset D^tU^Ap j: 
in Xjj^ mapping to D^sUApj: in Xu, let A = F^X^U^Ap j, r\t~^D^t) and F = 
F^\(C/A^_^ns-ii:>''s). Writing 

D^tU^A^j = ]J n U[')A^j and D^sUA^j = Y[d^s,U['A^j, 

jeJ iei 

we must check the commutativity of the diagram 

0ifi(r„F) ^ H^ir,v) 

i^I 

i i 

^H\ApV) ^ H^iA,V) 

j&J 

where A^- = n Ui')A^j n Fi = F>^\{U{'A^j n s-^D>^Si) and 

the maps are defined as follows: 

• Writing s = atw with a € , w € UApj,, the right-hand arrow is the 

composite 

iF^(F,V") ^ H^iA,Res^V) ^ H\A,V) 

where the inclusion A —>■ F is defined by g i—>■ w~^gw and Respl^ —>■ R is 
defined by i; i— wv. 

• The left-hand arrow is similarly defined component-wise as the composite 

H^iTuV) ^ ^H\ApResP^V) ^ ^H\ApV), 

j j 

where the direct sum is over j such that Si = ajtjWj for some aj G , 
Wj G U'-lAp j . 

• Writing s = PiSiyi with jSi G , yi G UAp j, for each i G I, the top arrow 
is defined component-wise as the composite 

H\Ti,V) ^ H\T,lndp.V) ^ iF^F, Indp.ReSpW) ^ iF^F, R), 

where the inclusion F^ —>■ F is g i—>■ y^^gyi, the first isomorphism is that 
of Shapiro’s Lemma, the second is induced by V ReSpW defined by 
V 1 -^ y~^v, and the last map is given by the trace Indp.ReSpW —>■ V. 

• Writing t = jjtjZj with jj G , zj G U^Ap j for each j, the bottom arrow 
is defined similarly by the composite 

H\ApV) ^ H\AMd%V) ^ FFi(A,Indi.Resiw) ^ FF1(A,R). 
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Note that for each j € J, the resulting diagram of inclusions 

^ ^ 

r, ^ r 

commutes up to conjugation by the element gj = y~^wj^ZjwF^ € F. Unravel¬ 
ling definitions and applying standard functorialities, one is reduced to checking 
commutativity of the following diagram of homomorphisms of A-modules 

0ResrIndr.U ^ 0Resr Indr,ReSr*U ^ ResrU 

iel i&I 

i i 

0Indi^.Res^^U ^ 0Indi,U ^ 0Indi^Res^^U ^ U, 

jeJ jeJ jeJ 

where the maps are defined as follows: 

• The first downward arrow is dehned by maps Resp Indp^ V —^ ReSp^'’ V 

sending / : F —>• U to the map A —)• U defined by g !->■ f{gjW~^gw). 

• The hnal horizontal map in each row is dehned by the evident trace map. 

• The remaining maps are induced by the evident ones of the form v xv 
where x = w, Wj, y~^ or z~^. 

Choosing coset representatives Ua S GL2(Fa;J so that U = decompos¬ 

ing A = ]J -gp A, where 

A, = {a€AltUa€ D^tiU^A^j }, 

and writing tua = SatiVa with 6a G , Xa G for each a G we hnd that 

F = IJ y~^Tiyiha 

a^Ai 

for each i G I, where ha = y~^raU~^. One can similarly choose coset representa¬ 
tives for each A^- in A, and the desired commutativity then follows from a direct 
calculation using the resulting description of the trace maps as sums over A. □ 

3.4.2. Badly dihedral representations. 

Definition 3.3. We say that F' is a p-bad quadratic extension of F if F' is a 
quadratic totally imaginary extension of F of the form F{d) for some 6 such that 
gp g px aipfi S^Of = FOp for some fractional ideal I of F. We say that an 
irreducible representation p : Gp ^ GL2(Fp) is badly dihedral^ if p is induced from 
a character Gpi —>■ Fp^ for some p-bad quadratic extension F' of F. 

Remark 3.4. Note that F has a p-bad quadratic extension if and only if F contains 
the maximal real subfield of F{C,p). If this is the case and p is odd, then the only 
p-bad quadratic extension of F is F{C,p), but if p = 2, then there are still only 
finitely many such extensions, as follows for example from the fact that such an 
extension is necessarily unramified outside the primes dividing 2 and oo. 


^There is a typo in the definition of badly dihedral in the discussion before Lemma 4.11 of [2]: 
5^ a K should be 5^ S Op. The definition here differs slightly from the one intended in in the 
case p = 2 since we also wish to control the central character of the lift. 
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Let p : Gf —>■ GL2(Fp) be the modular Galois representation from Theorem ll.il 
Assume that p arises from the definite quaternion algebra D split at all finite places 
of F, in level U and weight V (here F is a possibly reducible finite dimensional 
Fp-linear representation of G\j 2{0p/{p)))■ We keep the assumptions and notation 
from the previous section, so that in particular trip is the ideal of attached to 
p, where S' is a finite set containing the primes of F dividing p and the primes at 
which p is ramified. 

Let Fi,F 2 , ... ,Fr denote the p-bad quadratic extensions of F (so r < 1 unless 
p = 2), and for each i = 1 ,..., r, let denote the ideal of generated by the 
elements for those finite places a: of F such that x ^ S and x is inert in F^. 

Lemma 3.5. If J 1 J 2 ■ ■ • Jr C rUp then p is badly dihedral. 

Proof. Since trip is prime, we may assume that Ji C trip for some i. We thus 
have that tr(p(Frob„)) = 0 for all u ^ S inert in Fi. By the Chebotarev Density 
Theorem, it follows that tr{p{g)) = 0 for all g G Gp \ Gp.. Let L denote the 
projective splitting field of p, i.e., the fixed field of the kernel of the composite of p 
with the projection to PGL2(Fp). 

We claim that Fi C L. Indeed if not, then we may choose g G Gp \Gf^ and 
observe that for any h G Gp, we have that either h ^ Gp. so that tr(p(/i)) = 0, or 
gh ^ Gf; in which case tv{p{g)p{h)) = iv[p{gh)) = 0 also implies that tr(p(/i)) = 0 
since p{g) is a scalar. If p > 2, then taking h to be the identity immediately gives 
a contradiction; if p = 2, then we see that every element of Gal(F/F) has order 
dividing 2, which contradicts the irreducibility of p. 

It follows that H — Gal(F/Fi) is subgroup of index 2 in G = Gal(F/F), and 
that every element oi G \ H has order 2. Moreover G is isomorphic to a finite 
subgroup of PGL2(Fp) which is not contained in a Borel subgroup. By Dickson’s 
classification of such subgroups, we see the only possibility is that G is isomorphic 
to a dihedral group and H is a. cyclic subgroup of index 2. Therefore the projective 
image of p{Gf^) is cyclic, from which it follows that p\gf is reducible, and hence 
that p is induced from a character of Gf;- FH 

Lemma 3.6. There is a finite set of places S' such that if x^ ^ S' and Xi, is inert 
in F^ for f = 1,..., r, then F^i • • ■ annihilates H^{Xu, V). 

Proof. Write = ]J.D^tiUApj: and choose a representative tf^^U with 7 G 
for each conjugacy class of elements of order p in each of the groups Pi = 
F^\{U Ap j: ntf^D^ti). Then F[7] is p-bad, so F[7] = F^ for some f. Let S.y 
be the finite set of places a; of F inert in F^ such that Op^l^f] ^ Op^^x, and let S' 
contain the union of the S.y for all 7 as above. 

Now let xi, ...,Xi- be as in the statement of the lemma and let T = Tx^-.-xr^ 
which by Lemma 13.21 coincides with Fcj ■■ -Tx^. Let U', Uj and P'^ be as in the 
definition of the Hecke operator T on (BiH^fTi.V) (cf. I3.4.ip . We claim that PL 
has order prime to p. Indeed if y'ty is a representative of an element of order 
p in PL, then its image in P^ is of the form tf^^ti for some 7 as above, so 7 is 
conjugate in GL2(Fa;) to an element of U'^F^, where x = Xy for f chosen so that 
F[7] = Fi,, and 


U'x = Uo{x) = { (“ (j) e GL2 (Gf.x) I c = 0 mod x} . 
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Since x ^ S-y, we see that det 7 G so in fact 7 is conjugate to an element of 

Uo{x), hence its characteristic polynomial is reducible mod x. On the other hand 
since x ^ S-y, we see also that 7 generates the ring of integers of an unramified 
quadratic extension of F^, so the characteristic polynomial of 7 is irreducible mod 
X, giving a contradiction. 

Since all the Pd have order prime to p, it follows that = 0, and 

therefore T = 0. □ 

Lemma IQ follows easily from Lemmas 13.51 and 15^ Indeed it suffices to prove 
that if nip is in the support of H^{Xu, V), then p is badly dihedral. Note that we 
may enlarge S since if mp is in the support of H^{Xu, V), then so is nip = mpflT'® 
for any finite S' D S. In particular choosing S' as in Lemma 13.61 we see that the 
ideal Jy ■ ■ of Lemma 13.51 is contained in the annihilator of H^{Xu, V), so if 
H^{Xu, y)mp ^ 0 , then p is badly dihedral. 

3.5. The refinement of the argument in the case [F : Q] odd. Assume now 
that [L" : Q] > 1 is odd, and let p be as in the statement of Theorem 11.11 

Fix an infinite place tq of F and let D denote the quaternion algebra over F 
whose ramification set equals S — { tq }. Fix moreover isomorphisms Dj = M 2 {A.pj) 
and D ®p^ro R- — -^2 (R) • Let U — Hx open compact subgroup of 

= GL 2 (A/). Set f)^ = P^(C) — P^(R). We denote by Xp the Shimura curve 
over F which is the canonical model for the complex analytic space Xu{C) = 
D^\{D^ X l)^)/UAp j: as in [3] (we see F C C via tq ). Notice that we quotient 
also by the action of Ap ^ in order to keep track of central characters in what 
follows. 

We have the decomposition into connected components: 


Ac/(C) = yFAf), 

iei 

where / is a finite set, and F^ = F^\ri acts properly discontinuously on f). Here 
fi = UAp Dp ti where D^ = ]Jjg j Dp tiUAp ^ and Dp is the set of elements 
of D of totally positive reduced norm. The groups F^ are torsion free and act freely 
and properly on () if {7 is small enough, but not in general. Each component Fi\f) 
has a canonical model defined over a finite abelian extension of F by [31 1.2]. 

Let S denote a finite set of finite places of F containing the places above p and 
the places at which p is ramified. Let k G Z>2 and w G Z such that kr = w 
mod 2 for all t G E and let A be a finite order Hecke character of totally of 
parity w. The system of Hecke eigenvalues for the action of T;q on the space of 
holomorphic Hilbert modular forms of level U, weight (7, w), and central character 
^-i| . |-™ coincide with the systems of Hecke eigenvalues arising from the etale 
cohomology H^{X^p, ^ ^ ®Oe where Vg ^ ^ is the Opshea-i associated to 

the homonymous representation of UpAp j on a finite free O ^-module (see 13.3.11 
and a)- Here F is a large enough finite extension of Qp, and we see F C Qp = C. 
These Hecke eigensystems also coincide with the Hecke eigensystems arising from 
©ig/i7^(Fi, ^ ^ ^Oe ^)- (Tbe action of the Hecke operators on the cohomology 

of the Fi’s is defined as in section 13.4.Il l We denote by rrip the prime ideal of T^^ 
attached to p. 
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To prove the second half of Theorem II.11 we may use the same strategy adopted 
in the case of a definite quaternion algebra, modulo guaranteeing that an ana¬ 
logue of Lemma Td . 1 1 holds. We now consider the natural action of on spaces 
F))mp where F is a finite dimensional continuous Fp-linear representa¬ 
tion of UpAp j/F^;we wish to prove that if p is not badly dihedral, then the functor 
V !->■ (©ig/7J^(rj, F))mp is exact, so it is enough to prove that (Ti,V))mp = 

0 for j = 0, 2. 

First note that by the strong approximation theorem, the reduced norm det 
induces a bijection Dp\Dj/UApj: —>• I where / = Ap/det(U){Ap . 
It follows that in the definition of the Hecke operator for places x ^ S,we may use 
the same index set I and representatives ti when U is replaced by IF = Ur\W~^UWx 
and U" = ■ We may thus write as a direct sum of composite maps 

V) ^ V) ^ F) ^ W{r^,,V) 

where i i—> i' is induced by multiplication by {'cux)x on /. Let Fj denote the 
abelian extension of F corresponding to / by class field theory; we see that if x 
splits completely in Fj, then Tx acts componentwise on ®i^iF[^{Ti,V). Moreover 
if j = 0, then for such x this action is simply multiplication by the index [T^ : T'] = 
[Ti : r"] = N(x) -I- 1 on each component. 

Suppose now that tUp is in the support of ©ig/iL°(rj, F), and let F' denote 
the composite of Fj{C,p) with the splitting field of det(p). If x splits completely in 
F', then Tx — N(a;) — 1 G rrip for all such x, which implies that tr(/o(Froba;)) = 2. 
The Brauer-Nesbitt and Chebotarev Density Theorems then imply that plcp, has 
trivial semi-simplification; since F' is an abelian extension of F, this contradicts 
the irreducibility of p. 

To treat the case of j = 2, we use Farrell cohomology groups H^(r, V) (defined in 
[7]) for finite index subgroups T of the groups T^. Note that if F = Q, then such T 
have virtual cohomological dimension one, so that iL^(r, F) = i7^(r, F). If F ^ Q, 
then r is a virtual duality group of dimension 2 with dualizing module isomorphic 
to Z (with trivial T actionjj, so that [71 Thm. 2] yields an exact sequence: 

Fo(r, F) ^ V) ff2(r, F) ^ 0. 

We will assume F 7^ Q since the case F = Q is easier and can be treated by minor 
modifications to the arguments below. 

For F' a finite index subgroup of F, we have restriction maps iLj(F, F) —>■ 
iLj(r',F) and iL'^(r, F) —>■ iL'^(F',F), as well as corestriction maps iLj(F',F) —>■ 
iLj(F, F) and 7L^ (F',F) —>■ 7L^ (F, F), allowing us to dehne Hecke operators Tx 
on and ©ig/iL-’(Fj, F) for a; ^ 5 exactly as on ©jg/iL-^(Fj, F). By 

the following lemma (and the fact that the isomorphisms F' = F" are orientation¬ 
preserving), the homomorphisms 

(5) 0 Fo(F, F) ^ 0 ^ 0 F) 

i£l iGl iGl 

are compatible with the operators T^. 


^Note that there is a canonical choice of orientation H^{r, ZF) = Z provided by the complex 
analytic structure on X[/(C). 
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Lemma 3.7. Let T he a virtual duality group of dimension n with dualizing module 
D. Let M be a left ’LL-module and F' a finite index subgroup ofT. Then the 
diagram: 

F F F F 

- > Hr^-j(V’,D®zM) ^ ^ J7„-,-i(r',L»®z M) ^ 

commutes, where the rows are the exact sequences given by [3 Thm. 2] and the 
vertical arrows are the natural restriction maps. Similarly the diagram commutes 
with the downward arrows replaced by the upward corestriction maps. 

Proof. Let (P, ,d,) be a projective resolution of finite type of the trivial (lef10) 
F-module Z, which we view also as a projective resolution of Z as a F'-module. 
We define P* := Homr(P., ZF) and P^* := Homr'(F^») ZF') and denote by {P^,dl) 
and {Pi*,d',*) the corresponding cochain complexes of right ZF- and ZF'-modules 
respectively. There is a natural map of cochain complexes of right ZF'-modules p, : 
P* — ^ P',* induced by the map ZF —>• ZF' given by ^ S7Gr' ’^77- ^^ote 

that p, is an isomorphism, with inverse a, defined by {o'j{f)){x) = 
for / G P'* and x G Pj, where F = U-ygg^F'y. 

Recall that the dualizing module D is defined as iF"(F, ZF), which we view as 
a right ZF-module, and let (Q,,e,) be a projective resolution of 13 as a right ZF- 
module. Note that D = H"‘{P*) = kerd*/Imd*_]^, and then the natural inclusion 
D coker can be extended to a map of chain complexes /, : Q. —5^ Pn-»- 
Moreover if we let D' — iF”(F',ZF') denote the dualizing module of F', then p, 
induces the canonical isomorphism D = D' oi ZF'-modules, so that we may also 
view ((5,,e,) as a projective resolution of D', and extend the natural inclusion 
D' ^ coker [d'^)* to a map of chain complexes fi-Qm^ {Pf-,)* where /' = p,of,. 

We now let X, denote the mapping cone of the chain map /,, so that X, = 
Q, © Pn-m-iJ and similarly let X' be the mapping cone of /'. Then id © p, defines 
a chain map, giving a commutative diagram of morphisms cochain complexes of 
right ZF'-modules: 



0 ^ 

^ m 

Xn-»-l 

Qn-m-l 

0 

(6) 


F 

F 

F 



0 ^ 

p:* 


Qn-»~1 

^ 0 


in which the rows are exact and the vertical maps are isomorphisms. 

We now apply the functor (•) ©r to the first line of ([6]), and the functor 
(•) ©r' M to the second. For a right F-module A and a left F-module B, we define 
the trace map iv ■. A®y- B ^ A ©r' B by tr(a © 5) = ® 7^- We thus 

obtain a commutative diagram of complexes with exact rows: 

0 —>■ P* ©r M —>■ Xn—t—i ©r M —> ©p M —^ 0 

(7) F F F 

0 —y P^ ©r' M —>■ Xf_^_i ©r' M —^ Qn—t—i ©r' AI —^ 0 

where the left vertical arrow is given by P* ©r M P* ©p' M p^* (g)p, ]\/[^ 

the right vertical arrow is the trace map, and the middle vertical arrow is their 

direct sum. 

'^Some of the modules we consider will be naturally right ZF-modules; they can be regarded 
as left ZF-modules via the involution 7 1 —> 7 “^ of F; and vice versa. Some of the chain complexes 
we consider will be sometimes regarded as cochain complexes, after relabelling; and vice versa. 
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Taking cohomology in (jT]) then yields the desired commutative diagram. Indeed 
the long exact sequences of [H Thm. 2] are precisely those associated to the rows 
of (I?!), and it is straightforward to check that the vertical maps induce the corre¬ 
sponding restriction maps on homology and cohomology (for Farrell cohomology, 
this follows from the characterization of res following [3 Rem. 2]). 

The proof of compatibility with corestriction is similar, so we omit the details. 
One just uses cr, instead of p, to obtain a diagram as in (jb]), but with upward 
arrows, and use the canonical projection yl(8>r' B —>■ B to obtain the analogue 

of ([3, again with upward arrows. □ 

We can now use JS]) to prove that trip is not in the support of 
Indeed the same argument as for shows that if x splits completely in F/, then 
Tj, = N(a:) -I- 1 on V), so that the irreducibility of p implies that nip is 

not in the support of the image of S)i^iHo(Ti,V). Note also that the surjectivity 
of ©ig/iF^(ri, V) —>■ implies that the operators commute, hence 

acts, on ®i^iH'^{Ti,V). Thus it suffices to prove that if p is not badly dihedral, 
then trip is not in the support of 

Let S' be a finite set of finite places of F constructed as in the proof of Lemma 
13.61 (Now D is an indefinite quaternion algebra, so the groups T^ are infinite, 
but each still has only finitely many conjugacy classes of elements of order p.) 
For each v = 1,..., r let Xi, ^ 5" U ^ be a finite place of F inert in F^; let 
T = Tx^---xr = Txi ■ ■ • Tx^, and let F' be as in the definition of the Hecke operator 
T. (Note that we can use the same index set I and representatives ti.) The 
same proof as in Lemma l3. 61 shows that F' does not contain any element of order p. 
Therefore F' has a torsion-free subgroup of finite index prime to p, so iF^(r', V) = 0. 
It follows that the operator T annihilates since it factors through 

©jg/iF^(F(, R). To prove that = 0, we may enlarge S so that 

S D S'. For each v = 1,... ,r we denote by J^, the ideal of generated by 
the Hecke operators Tx for those finite places t of F such that x ^ S and x is 
inert in F^,. Observe that the ideal J 1 J 2 ■ ■ ■ Jr annihilates (©,e,iF2(r„I/)) 

rrip • By 

Lemma [3.51 (which holds, mut. mut., also in the current setting) we deduce that 
(©jg/iF^(Fj, H))mp vanishes, since p is not badly dihedral. This completes the 
proof that (©ig/iF^(Fi, H))mp = 0, and hence the functor V >->■ (©ig/iF^(Fi, H))mp 
is exact. 


4. A VARIANT IN A SPECIAL CASE 

We now give a variant of the main result in a special case, with a view to 
producing forms satisfying the hypotheses of Assumption 8.15 in Section 8.3 of [5]. 

We must first introduce some notation. Recall that we have fixed an embedding 
Q C and an isomorphism Qp = C. Note that these choices induce a bijection 
between the set E of embeddings r : F —)■ R and the set of pairs (v,i9) where 
v\p and i? is an embedding Fy —>• Qp. For each v\p we let E„ denote the set of 
embeddings d : F„ —>■ Qp, which we identify with a subset of E via this bijection. 

Let 77 be a cuspidal automorphic representation of GL2(Ai7) which is holomor- 
phic of weight (fc, w), where as usual k G Z>2 and w G Z is such that w = kr mod 2 
for all T S E. Suppose further that for all v\p, the local factor is either unramified 
principal series or an unramified twist of the Steinberg representation. Let 0^(77) 
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denote the eigenvalue of the Hecke operator T„ = Uv^vUv on the one-dimensional 
vector space tt^”, where II^ = (“” i) S GL 2 (F„) and Uv = GIj 2 {Of,v) or Uo{v) 
according to whether is unramified. Since ay(7r) is algebraic, we may view it as 
an element of Q via our choices of embeddings Q —>• C and Q —Q^. We say that 
TT is ordinary at v (with respect to our choices of embeddings) if 

Remark 4.1. In general we have the expression on the right as an upper bound 
on |a.u(7r)|p; this follows for example from 0 Thm. 4.11], but will also be clear from 
the proof of Theorem 14.21 below. Moreover if equality holds then Theorem 1 of [T^ 
implies that the local Galois representation p-k\gf^ is reducible. Note that if is 
an unramified twist of the Steinberg representation, then tt is ordinary at v if and 
only if /ct = 2 for all r G S^,. 

Theorem 4.2. Suppose that p : Gp —>■ GL 2 (Fp) is such that p = 'p^ for some cus¬ 
pidal, holomorphic, automorphic representation tt o/GL 2 (A^) of weight {k,w) = 
(2,... ,2) such that for each v\p, TTy is either unramified principal series or an un¬ 
ramified twist of the Steinberg representation. For any finite set of primes T of F, 
there exist a cuspidal automorphic representation tt' o / GL 2 ( Ai 7 ’) and a character 
f : Gp —>■ Fp of order at most 2 such that 

• if T € then 7r(. = Dk'^^yyi with k'^ G {2,w'} where w' = p -\-\ if p is odd 
and w' = 4 if p = 2; 

• if v\p, then rr'y is unramified principal series, and is ordinary if k'^ = w' for 
some r G S„; 

• the prime-to-p part of the conductor of ^ divides a prime y ^ T which splits 
completely in F; 

• = C G P- 

Suppose further that tt has prime-to-p conductor dividing n C Op, and that ip is a 
totally even finite order Hecke character of Af, of conductor dividing n satisfying 
detp = tpe. Then if p is not badly dihedral, we can choose tt' as above with conductor 
dividing central character o-nd f,y G rr'y unramified principal series. 

Remark 4.3. We will see from the proof that the conclusion can be made more 
precise as follows: For each v\p such that TTy is ramified, we can ensure that Tr'y is 
ordinary and the set of r G such that = w' maps bijectively to under the 
natural projection. 

Proof. Let R denote the set of primes v\p such that TTy is ramified, and as usual 
let S' be a sufficiently large finite set of primes containing all those dividing p and 
all those at which tt is ramified. We suppose that E is a, sufficiently large finite 
extension of Qp in Qp that contains the eigenvalue ax(7r) of Tx on for 

all a: ^ S and (necessarily also) the eigenvalue a„(7r) of T„ on for all v G R. 

Let S' = S \ R and let T = denote the Os-algebra generated by the 

operators Tx for x ^ S'. Let m denote the kernel of the homomorphism T ^ Fp 
defined by sending Tx to the reduction of of ax{TT 0 |det|)) = aa;(7r)N(a:)“^ for 
X ^ S'. (For convenience in keeping track of ordinariness, we have replaced tt by 
its twist by jdetj to ensure that T„ ^ m for u G R.) 

Let U = t/i(n) n Go(n«G_R^) where n is the prime-to-p conductor of tt. If 
[F : Q] is even, then we let D be the definite quaternion algebra over F ramified 
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at precisely the infinite places of F. By the Jacquet-Langlands correspondence, 
m is in the support of Sv'{U) where V' is the representation of U j on Fp on 
which U acts trivially and Ap j acts via 'ip. If [F : Q] is odd, then we let D be a 
quaternion algebra over F ramified at precisely all but one infinite place. In this 
case m is in the support of where as before, DpUlIApj 

and Fi = F^\{U Ap j: fl Since the argument is the same in the case of 

either parity, we will ease notation by writing S{U,V') for {Ti,V') where 

j = 0 or 1 according to the parity of [F : Q] (so S{U, V) = Sv>{U) if j = 0). 

We will now show that m is in the support of S'([/i(n),F) where V = V ® 
We proceed by induction on |i?'| to show that m is in the 
support of s{Uri jVr') for R' C i?, where Ur' = U Y\y^R'G\ j2{0f,v) and Vr’ = 
V ® Note that Ur = Ui{n), U% = U, and we already know 

that m is in the support of S'([/ 0 , V 0 ). 

Suppose now that v G R \ R'. The canonical isomorphisms 

S{Ur,,Vr,) - S{UR,aMMdu^^,^^^HVR,)) 
and Indg^^^^”^rp = Fp © S'(p_i^,,.^p_i) give rise to an exact sequence 

( 8 ) 0 —>■ Vr') -4 S(Ur',Vr>) ^ S{URIyj{y},VRIyj{y}) -G 0 

such that and /?„ are compatible with the operators for x ^ S' \J {v}, 
but not necessarily with the operator Ty. Note however that the matrix Wy = 
(ro„ 0 ) € GL 2 (Fu) normalizes Ur' so that Wy = (wt,)* defines an automorphism 
of S{Ur>,Vri) which is compatible with for x ^ S' U { 1 ;} and satisfies IT^ = 
'ip(zUy)~^. Moreover unravelling the definitions of the operator Ty one finds that 
TyWyUy = 0 aud PyWyTy = TyjjWy. Therefore jdyWy is T-linear, and m is not 
in the support of its kernel since Ty ^ m. It follows that if m is in the support of 
S{Uri,Vr') then it is also in the support of Gr/u{i)})- 

To set the stage for lifting to characteristic zero, we distinguish between the cases 
p = 2 and p> 2. 

If p > 2, then we let a denote the ideal of Or such that pOp = Let 

y be any prime ideal of Or such that y ^ S and [y] = [a]“^ in the ray class group 
of conductor AOr (if non-trivial; otherwise we can let y = Or), and choose a such 
that ya = aOp and a = I mod 40r. Finally let ^ be the character of Gf with 
splitting field F(^/a). Thus ^ is ramified precisely at y and at certain v\p, namely 
those such that either v G R and e„ is even, or v ^ R and e„ is odd. Note also that 
y can be chosen to split completely in F. 

If p = 2, then we let ^ be the trivial character, but we must make another 
modification instead of introducing a quadratic twist. For each v G R we have a 
GL 2 (fc«)-equivariant inclusion 5'(i_ i) -G S'( 2 ,,,,, 2 ), and these induce a T-equivariant 
map S{Ui{n),V) -G S{Ui{n),V' ® {®v&RSy^( 2 ,..., 2 )))- One checks as usual that m is 
not in the support of the kernel, so we can replace each 5'„yp_i p_i) by Sy^p2,...,2) 
in the definition of V for p = 2. 

Now let F C S = be a set of embeddings F —>• Q such that the 

RDTy = (i) if V ^ R and the natural map Fflis bijective if v G R. Define 
k' G Z >2 by setting k'^ = 2 if t ^ R and k'^ = w' if t G R. (Recall that w' = p+1 
ifp>2 and w' = 4 if p = 2.) Consider the representation Vp ^,_2 ^ of C/i(n)A^^; 
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recall that this is the free OE-module defined by 

(g) ["(g det^-'-^)/^"] 

\t£R / \t^R / 

as a representation of GIj 2 {Pf,p), with x S ^ acting via N(a;p)“’ 

We let Vj = Vg ^ if p = 2 (or if y = Op); otherwise we let Vj denote the twist 

^k' w '-2 Ip Teichmuller lift of the character ^ o det of Glj 2 {OF,y)- 

One finds that if p > 2, then the reduction of Hres^VR det^^“^^^^ is det®’'^^^'^ 

if i; G i? and if i; ^ i?, from which it follows that V is isomorphic 

to the twist of V by the character ^ o det of Ui{n)Ap j. The isomorphisms V ^ V 
of Ti = F^\{Ui{n)Ap j: n t“^I?^ti)-modules defined by u !->■ ^(det(ti))i; induce an 
isomorphism S'(C/i(n), id) = 5'(i7i(n), 1^^) under which ^{xUy)Ty corresponds to T„ 
for V not dividing yp and to T° for v € R, where T° is compatible with an operator 
on S{U, V{) such that T„ = IlreE^VR T(wy)^'“ -2)/2^ (Note that T° may depend 
on the choice of uniformizer Wy.) 

Now let T' denote the O^j-algebra generated by the operators for x ^ ^Uly} 
and T° for v G R, and let m' denote the kernel of the homomorphism T' —>■ Fp 
sending each to the reduction of ^(ri7a;)ax(7r)N(x)“^ and each to the reduction 
of ^(ci7„)a„(7r)N(z;)“^. We then have that m' is in the support of S{Ui{n),V^). 
If p is not badly dihedral, it follows as in the proof of Theorem 11.11 that m' is 
in the support of S{Ui{n),V^ ®Oe ^-'^d hence that there is an automorphic 
representation whose twist by |det|“^ is the required tt'. If p is badly dihedral, then 
the proof goes through after replacing 17i(n) by a smaller open compact subgroup 
U so that the groups T^ are torsion-free. □ 

Remark 4.4. The necessity of the quadratic twist ^ in the conclusion follows from 
consideration of the local Galois representations 'p^j\gf^ for v\p. Furthermore one 
can construct explicit examples showing that ^ may need to be ramified outside p; 
we are grateful to L. Dembele for providing the following one. Over F — Q(q;) with 
a = a/IO, there is a Hilbert modular forrr0 of weight (2, 2), level {a + 2) and trivial 
character with leading Hecke eigenvalues (ordered by norm): 

V 1(2,0!) (3, 0-1- 2) (3, 0-1-4) (5, o) (13,o-|-6) (13,o-|-7) (31, o-F 17) (31, o-1-14) 

a„ I ^1 ^1 3 1 ~ 0 ^3 4 

The corresponding automorphic representation tt then satisfies the hypotheses of 
the theorem for p = 3, but one can show that the character ^ in the conclusion must 
be ramified at (3, a -I- 4) but not (3, a + 2), from which it follows that ^ must also 
be ramified at a prime y not dividing 3; in fact one can let y be any non-principal 
prime of Of not dividing 6. 

We now give another variant which under the same hypotheses produces lifts of 
parallel weight without the quadratic twist, at the expense of ordinariness. 

Theorem 4.5. Suppose that p : Gp GL 2 (Fp) is such that p = for some cus¬ 
pidal, holomorphic, automorphic representation tt o/GL2(Ai7’) of weight {k,w) = 
{2,... ,2) such that for each v\p, Py is either unramified prineipal series or an un¬ 
ramified twist of the Steinberg representation. Let k' = 2 -|- (p — l)n for any positive 

^Dembele also offers the equation -F (990144o-|-3127248)3; - 545501952o - 1726178688 

for the associated elliptic curve. 
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integer n. Then there exist a cuspidal automorphic representation tt' o/GL 2 (Ai?), 
holomorphic of weight {k',... ,k') such that 

• ifv\p, then 7r(, is unramified principal series; 

• P^' = P- 

Suppose further that tt has prime-to-p conductor dividing n C Op, and that ip is a 
finite order Hecke character of Af, of conductor dividing n, totally of parity k', and 
satisfying deip = ipe. Then if p is not badly dihedral, we can choose tt' as above 
with conductor dividing n and central character ip~^\ . 

Remark 4.6. Note that we may take k' = p+1 in the conclusion, but in the case 
p = 2, this precludes using the Teichmiiller lift of e~^deip for ip as this requires k' 
to be even. 

Proof. By Lemmas l2.4l and l2.5l we see that n{p-i)\ 

all n,e> 1, so by the arguments of Section[31 it suffices to prove that C 

is in the support of S{Ui{n), P{j,|p}) (with notation as in the proof of Theorem 14.21 
so in particular is the representation of Ui{n)Ap ^ on which Up acts as 

Ux acts trivially for x not dividing p, and Af, j, acts via ip). 

For v\p, define the representation Ly of GL2(0^’^t,) to be the cokernel of the 
natural inclusion Op —>■ Op- We let denote the representa¬ 

tion of Ui{n)Ap j: on which Up acts as ^y^pLy, U^ acts trivially for x not di¬ 
viding p, and A^ j acts via ipT^, where ip~^\ is the central character of tt. 
Note that '0^ = ip, so that T{j;|p} Goe Fp = V|«|p}; moreover the induced in¬ 
clusion S'({7i(n), L{„|p}) ®Oe Fp —>■ «S'(17i(n), is compatible with the natu¬ 
ral action of Therefore it suffices to prove that lUpigig-i is in the support 

of S'o(17i(n),L{„|p}) = 5 ( 171 ( 11 ),L{„|p})/S'*"''(C/i(n),L{^|p}), which in turn follows 
from it being in the support of 

5o(17i(n),L{„|p}) '^Oe C = ^(n/ Goe , 

n 

where the sum is over all cuspidal automorphic representations If = Ily 0 Boo of 
GL 2 (Af) such that IIt- = D 2.0 for all t S S. For v\p, (n„ (Siqb ^ 0 

if and only if n„ has unramified central character and conductor dividing v, so 
that (11/ (Sioe 0 if and only if fl has central character ip~^ and 

conductor dividing n]([^|pi;. Furthermore note that tUpigig-i is in the support of 
such a summand if and only if = p 0 e~^. Finally our hypotheses ensure that 
n = TT 0 |det| is exactly such an automorphic representation. □ 

Remark 4.7. Under the assumption that Py is an unramified principal series for 
all v\p and other technical conditions (p unramified in F, [F : Q] even or F = Q), 
Theorem 14.51 is proved in Sections 2 and 4 of [6] . 

References 

[1] A. Ash, G. Stevens, Modular forms in characteristic i and special values of their L-functions^ 
Duke Math. J. 53 (1983), 849-868. 

[2] K. Buzzard, F. Diamond, A. F. Jarvis, On Serre’s conjecture for mod £ Galois representa¬ 
tions over totally real fields, Duke Math. J. 55 (2010), 105-161. 

[3] H. Carayol, Sur la mauvaise reduction des courbes de Shimura, Comp. Math. 59 (1986), 
151-230. 


22 


FRED DIAMOND AND DAVIDE A. REDUZZI 


[4] H. Carayol, Sur les representations i-adiques associees aux formes modulaires de Hilberf 
Ann. Sci. Ecole Norm. Sup. 19 (1986), 409-468. 

[5] L. Dieulefait, A. Pacetti, “Connectedness of Hecke Algebras and the Rayuela conjecture: a 
path to functoriality and modularity” in Arithmetic and Geometry^ Cambridge Univ. Press, 
Cambridge, 2015, 193-216. 

[6] B. Edixhoven, C. Khare, Basse invariant and group cohomology^ Doc. Math. 8 (2003), 
43-50. 

[7] F. T. Farrell, An extension of Tate cohomology to a class of infinite groups, J. Pure Appl. Al¬ 
gebra 10 (1977), 153-161. 

[8] T. Gee, Automorphic lifts of prescribed types, Math. Ann. 350 (2011), 107-144. 

[9] H. Hida, On p-adic Hecke algebras for GL 2 over totally real fields, Ann. Math. 128 (1988), 
295-384. 

[10] F. Jarvis, Level lowering for modular mod I Galois representations over totally real fields, 
Math. Ann. 313 (1999), 141-160. 

[11] D. A. Reduzzi, Weight shiftings for automorphic forms on definite quaternion algebras, and 
Grothendieck ring, to appear in Math. Res. Lett. 

[12] S. Rozensztajn, Asymptotic values of modular multiplicities for GL 2 , to appear in 
J. Theor. Nombres Bordeaux, arXiv:1209.5666. 

[13] J.-P. Serre, Lettre d Mme Hamer, 2 Juillet 2001. 

[14] C. Skinner, A note on the p-adic Galois representations attached to Hilbert modular forms. 
Doc. Math. 14 (2009), 241-258. 

Department of Mathematics, King’s College London, WC2R 2LS, UK 
E-mail address: fred.diamond@kcl.ac.uk 

Department of Mathematics, The University of Chicago, Chicago, IL 60637, USA 
E-mail address: reduzzi@math.uchicago.edu 



